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SUMMARY

A very general solution is given of a problem which plays a vital role in certain molecular theories on the deformation
of macromolecules. In these theories use is made of the necklace model, in which the macromolecule in solution is
supposed to be built up of submolecules or segments. The total hydrodynamic resistance of the monomers in a segment
is assumed to be concentrated in the end points of the segments: the beads. By applying a macroscopic field »f flow
to the solution, forces are exerted on the beads which are compensated by entropy-elastic forces in the segment. The
configuration of the beads is described by a distribution function which must satisfy an equation of continuity. This
equation is now solved by means of Fourier transformation for any time-dependent field of flow for which the velocities
are linear functions of the coordinates. The solution appears to be a Gaussian distribution whose second moments
have to satisfy a system of linear first-order time-dependent differential equations. Once the distribution function is
known, all kinds of macroscopically measurable quantities of the solution can in principle be calculated.

1. The Necklace Model

In the necklace model of a linear macromolecule in solution, developed on the basis of Kuhn’s
[1] work, the molecule is assumed to be split up into submolecules (segments or links). These
segments constitute the connections between “beads” in which the hydrodynamic resistance
of the monomers of a segment is supposed to be concentrated. Part of the chain model used is
represented in the figure below :

The length of a segment is determined by the configuration of the monomers within this
segment. This length is taken to be a stochastic variable. In principle, the number of monomers
comprised in one segment can still be chosen freely; it is assumed that this number is in any
case such that the segments can rotate freely with respect to one another. (The beads do not
accept moments).

Also the position of the centre of gravity of the beads is assumed to be a stochastic variable.
It is further assumed that as long as no external forces act on the solution, the three following
conditions are met:

(1) the length of a segment can be described by a Gaussian distribution function ;

(2) the length of the various segments and the position of the centre of gravity are sto-

chastically independent;

(3) the centres of gravity of the macromolecules are homogeneously distributed over the

solution.
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Let us assume that the above conditions can be met by dividing the macromolecule into n
segments, which constitute the links between n+ 1 beads. The configuration of the macro-
molecule can then be described as follows.

A system of cartesian coordinates is introduced, in which rg, ry, r,, ... r, are the position
vectors of the beads. Let R be a rectangular matrix of n+ 1 rows and 3 columns, which contains
the vectors rf as rows. The matrix R then completely defines the configuration of the macro-
molecule.

The configuration can also be defined by giving the dimensionless position of the centre of
gravity of the beads and the n dimensionless position differences of the beads as follows.

Let 352 be the mean square of the segment lengths if no forces are exerted on the solution*.
Now define

1

r;

So=" Z (1.1)

il

sk=ﬂ‘% for k=1,2,..n. (1.2)

Let S be a rectangular matrix of n + 1 rows and 3 columns, which contains the vectors s, s, ... s

as rows. Also by giving the matrix S, the configuration of the macromolecule is completely
determined. Between S and R there is a unique relation, given by

1
S = aR (1.3)
in which a is a square (n+ 1) x (n+ 1) matrix of the following form :
1t 1 1. 1 1]
-1 1 0 0... 0O
a = 0-1 10 00
0 0 -1 1 00 (1.4)
0 0 0 0. -1 i

The elements of this matrix are called a,, withiand k=0, 1, 2, ... n. The possible configurations
of macromolecules are described by a distribution function of the stochastic variables R or S.
This distribution function is called . If no external forces are exerted on the solution, the con-
ditions of Gaussian distribution, independence and homogeneity of centres of gravity, for-
mulated above, are applicable. The special distribution function satisfying these conditions is
called ¢. In the absence of external forces we can therefore put = ¢.

On the basis of the foregoing we must have:

s exp(— 38T 1, S) . (1.5)

The expression ST : ], S indicates: the sum of the inner products of the rows of the matrix S*
and the corresponding columns of the matrix I, S (the so-called direct product). The matrix I,
is defined as a square (n+ 1) x (n+ 1) matrix, equal to a unit matrix, with the exception of the
diagonal element on the row with subscript 0, which equals 0 instead of 1. This matrix occurs
in Eq. (1.5), because the distribution of the centres of gravity has been assumed to be homo-
geneous, so that ¢ is independent of s, and hence, s, cannot occur in the exponential expression.
The function ¢ has apparently been normalized over the relevant coordinates:
* This is, if no forces act on the solution, the average value of (r;—r;_ )" (r;—r;_,); the three components of r,—r;_,

are then supposed all to have an average quadratic length of 2. This value can be related to the number of monomers
in one segment and to the monomer length.
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Jodl,S=1.

In 1953/1954 Rouse [2] and Bueche [3] gave the first complete description of the necklace
model of a polymer in a solution subject to simple shear flow. This case will once more be
treated here, but incorporating extensions of the theory (e.g. hydrodynamic interactions).
Moreover the distribution function—and not only its moments—will be calculated for each
form of time-dependent flow, provided this flow is a linear function of the coordinates.

2. Forces Acting on the Beads of the Necklace Model
1. Entropy-Elastic Forces

If forces are exerted on the solution the distribution function will change and, hence, ¥ # ¢.

If we use Wall’s formulae [4] to calculate the difference in entropy caused by a change in
distribution function, and assume that the internal energy of the system remains constant
when the configuration changes, we have under isothermal conditions:

u:kT<1+lng) 2.1)

where u is the thermodynamic potential.

From this the entropy-elastic force is derived:

op 0 . ¥
FP=——= kT —In—~ 2.2
R R ¢ (22)
where F€ is a matrix of n+ 1 rows and 3 columns; the rows in this matrix are the entropy-
elastic forces on the beads of the necklace model.

2. Friction Forces

It is assumed that a solution is subject to forces which result in a macroscopic velocity profile in
the solution. This macroscopic velocity at the location of the beads can be represented by an
(n+1) x 3 matrix V,, comprising the vectors v3, (k=0, 1, 2, ... n) as rows. If this macroscopic
velocity were equal to the actual velocity of the solvent at the location of the beads, the forces
on the beads resulting from friction might be represented by :

F! :fo(Vo_R) s

where f, is the Stokes friction coefficient.
For many cases this expression is too simple ; we generalize it therefore to

F/=f,B"'(V,—R). (2.3)

In this expression B is a symmetric, not further specified (n+- 1) x (n+ 1) matrix. In the Rouse
[2] theory B is a unit matrix; in case hydrodynamic interaction is taken into account [5] B is
equal to [ +f, T, where I is a unit matrix and T is the so-called Oseen [6] tensor. Formula (2.3),
however, can also take into account: increased friction in certain beads or different friction
coefficients for all the beads.

In this treatment the macroscopic field of flow should only meet the condition that the velo-
cities are linear functions of the coordinates

vor = I (1) . (2.4

I'(t) is here an essentially time-dependent 3 x 3 matrix with elements j;. We would stress that
this formula may serve to describe not only any form of time-dependent shear flow, but also
for example linear elongational flow. This expression is therefore much more general than the
usual expressions for the macroscopic field of flow. For the present purpose we assume a
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divergence-free flow and therefore put

trace (I =0. (2.5)
For V, we have:

Vo=RIT. (2.6)
3. Equations of Motion
In developing equations of motion, inertia forces are neglected.
Assuming balance of forces we have:
Fe+F/ =0. (3.1)

Egs. (2.2) and (2.3) can be substituted in (3.1). In doing so we also introduce the afore-mentioned
coordinates S according to:

1 0 1 .3
= —aR;~—— =—al —.
S=p R s
In addition, we introduce the parameter 7, defined by :
fob?
T = .
2kT

This parameter has the dimension of time, and is therefore to be taken as a characteristic time
constant. Eq. (3.1) can now be formulated as follows:

1 o, Y . .

— —aBa" _Int + (SIT-85)=0. 3.2

2 4B Gy n g+ ( ) (32)
The matrix aBa”™ is symmetric; this matrix will henceforth be called 4 with elements A;,
(iand k=0, 1,2, ... n). If B is a unit matrix, as it is in the Rouse theory [2], this matrix A4 is
about equal to the so-called Rouse matrix, the only difference being that in our treatment one
row and one column with subscript O are added, for which we have:

Agp=A;u=0 for iandk=1,2,...n; Ago=n+1.

This difference arises because in the Rouse theory the centre of gravity has not been included.

After substituting the expression for ¢ from Eq. (1.5) one can write:

. | 0 1

S=SIT— A Iny — o ALS. (3.3)
By transformation this system of 3 x (n+ 1) mutually dependent equations can be split up into
mutually independent equations. For this purpose the eigenvalues and the eigenvectors of the
matrix Al, must first be determined.

The following agreement is now made: a superscript # to a matrix indicates that the matrix
is meant, with the exception of the rows and columns containing a subscript 0, e.g. 4* is the
square n x n matrix formed from 4 by omitting all the elements A;, with i and/or k=0.

Al has the following form:

047
Al = —+—-
0
sl
0

A, 18 here a vector consisting of the elements Agq, Aoz, Ags, -.- Agns Where matrix B is a unit
matrix, as in the Rouse theory, 4,=0.
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It can be seen at once that one of the eigenvalues of this matrix equals zero ; we call this eigen-
value v,. We define a diagonal matrix N, which contains all the eigenvalues vy, v,, v,, ... v, as
diagonal elements ; N* then contains v, v,, ... v, and thus the eigenvalues of A*.

The eigenvectors of 41, satisfy the relation

AL, Q = QN (3.4)

where Q is the matrix consisting of the eigenvectors of A1, as columns. It can be proved that Q
is composed as follows:

1, AJQ*N*"'

__| _______
0=|o0|

0F

0

Q* is here the matrix of normalized eigenvectors of A*; hence A* Q*=Q* N*. Since A* is
symmetric :

Q*T — Q* -t
We should stress that although the eigenvectors Q of AI, are now not normalized, the deter-

minant of Q is yet equal to 1.
Q! can be derived from Q and is of the following form :

L) —A7Q*N*"'0*

07t =0 ::
: 7
o °
Now we have:
Q0 'ALQ=N. (3.5)
Besides, it is easy to demonstrate that
0'1L,0=1,. (3.6)
Then we have apparently:
N=0Q"'41,0=07"4(0Q ) Q"[,0=0""4(Q )] (3.7)

Obviously, @ ' A(Q~")" is also a diagonal matrix with all the elements equal to N, except the
element on the row with subscript 0, which is not defined by (3.7). We call this diagonal matrix
A with elements 4, 44, ... 4,, for which we then apparently have:

A¥ = N*, (3.8)
For A, we find :
Ao = Aoo“AoTQ*N*ilQ*TAo .

We now perform the coordinate transformation

0 0
P — —ls. . -I\T .
0 ts; =07 o
P is again an (n+ 1) x 3 matrix with vectors pg, p1, ... pl as rows. Eq. (3.3) now becomes:
. 3 1 9 1
P=PIT— — A — — — NP. 3.
2t A oP Iy 27 (3.9)

The matrices A and N are diagonal matrices ; the system of equations has therefore been split
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up into n+ 1 mutually independent equations. The new coordinates P are therefore called
normal coordinates [ 7].

The distribution function (P, t) can now also be written as a product of distribution
functions ¥, (py, t) (k=0, 1, ... n).

We then find the following equation:

. 1 0
=TIp, — —
P P 5

1
e =— In Yy — — v g : (3.10)
T dpy

21
The . should satisfy the normalization conditions

Jpe t)dp,=1 for k=0,1,2,...n. (3.11)

As will appear from what follows, Eq. (3.10) contains a characteristic time constant for each k,
except for k =0. Therefore we call p, the coordinates of the translation mode, v, describing the
distribution of the translation mode. Any other , (p,, t) describes a different normal mode of
motion.

4. Equation of Continuity

The change with time of the distribution function , in a given element dp, is determined by
the flux of the i/, across the boundaries of the element dp,. Hence we have the law of continuity

. T
= — —(p f k=0,1,...n. 4.1
ot apk(pkw) or s 1s n ( )

Substitution of (3.10) on the assumption that the macroscopic field of flow is divergence-free
then gives:

Ny G — ar oy | v Ny | 3y,

St = el PTE p TE L TRy XTI TE T 4,

ot P op, 2t Op, Opy * 20 Pk op, 21 (42)
for k=0,1, ... n.

5. Equation of Motion for the Centre of Gravity

From Eq. (4.2) follows the distribution function ¥, for the translation mode:

0 .r O Ao 07 0

_ﬂzﬁpg]“Tﬁ+Jl_(_l_pﬁ. (5.1)
ot dpo 2t Opy Opg

It can at once be seen that a constant normalized over the p, space is a solution of (5.1}, i.e. the
distribution of the translation mode is homogeneous.

For the motion of the translation mode one then finds from equation (3.10):

Po = fPo . (5.2)
The velocity of the centre of gravity is found by transformation of this equation:
So = I'So— (IFP*" —P*")N* ' Q*" 4, . : (5.3)

The first term of the right-hand member in (5.3} is exactly the macroscopic velocity in the centre
of gravity. The second term incorporates all the velocities of all the normal modes ; this term is
only zero if A,=0, which is the case if B=1, hence in the Rouse theory. Only in that case does
the centre of gravity apparently follow the macroscopic field of flow. The second term of the
right-hand member can be calculated accurately if the distribution functions of the normal
modes are known.
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6. Distribution Function of Normal Modes

From Eq. (4.2) follows the differential equation of the distribution function of the normal
modes (k#0, 4,=v,).

We define t, =1/, and henceforth omit the subscript, except in 7, ; 7, therefore indicates the
normal mode to which the equation relates.

The equation of all the normal modes then is:

oy ap 0T oy r O

& T Y oY% o %W o 3
Tk 74 o9 +3 0 op + 307 29 + 2 (6.1)
with the normalization condition:
f(p.)dp=1. (6.2)

A solution is found after Fourier transformation. An advantage of this transformation is
moreover that the Fourier transform of i, or the so-called characteristic function, immediately
gives the moments of .

We define the Fourier transform ¥ (u, t) of Y (p, t) by:

¥ (u,t) = (o, t) exp (i’ p)dp . (6.3)

Here u is a vector with three components.
Eq. (6.1) and the normalization condition (6.2) are transformed to the following equations:

ow pn 0¥ L4

—_—— = F—— — — —
T = Wi I = Ty~ 7 (64)
P(0,1)=1 (6.5)

The structure of this first-order partial differential equation suggests that a quadratic function
may be a solution of the equation. Therefore we apply the method of characteristics and define :

gu, )= c(t)—3u"M@t)u (6.6)

where M is a symmetric 3 x 3 matrix which—with respect to the notation anticipating the
result—is defined as follows:

Hz00 Hi110 Hio1
M =| p150 Hozo Mor1 |- (6'7)
Hio1 HMHo11  Hooz

Let us now establish which function of ¢ is a solution of the equation. Substitution in (6.4)
and (6.5) gives:

d aM . . dy
[— 21, d—(; + tu’ I utu" Mu—zu” (FM+MTI'") u} i uu¥y (6.8)
P)=1. (6.9)
The equation can be reduced to the very easily solvable equation :
av _ (6.10)
dg

if only the following conditions are met:

dc
“_0 6.11
b (6.11)

M
o+ M = o (M MIT) = (6.12)
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where I is a 3 x 3 unit matrix.
Egs. (6.9), (6.10) and (6.11) can be met by

¥ =¢f with ¢(t)=0. (6.13)
Therefore we find as solution of ¥ (u, t)
¥ (u, t) = exp (— 3u’” Mu) (6.14)

provided Eq. (6.12) is satisfied.

If the characteristic function is expanded in a Taylor series with respect to u in the neigh-
bourhood of u=0, one finds the moments of the distribution function. This implies that the
elements of M are precisely the second moments of the distribution function. These second
moments are defined as follows:

Haoo = Edp = (&%) o = [ Enpdp =<én) etc’

Reverse transformation of the characteristic function ¥(u, r) gives the distribution function
itself; this distribution function appears to be a Gaussian function:

1 1. T -1
Yip, 1) = I exp(—3p" M ' p) (6.15)
where |M| is the determinant of M.

The distribution of the coordinates of the normal modes is therefore a time-dependent
Gaussian distribution whose second moments satisfy a system of linear first-order differential
equations. By solving these equations one obtains the moments, with the exception of a con-
stant which must be determined from the initial conditions.

The solution given here applies to any form of time-dependent field of flow, provided it is a
linear function of the coordinates and divergence-free.

7. Distribution Function in a Special Case

By way ofillustration, the solution will be given for the case of simple shear flow in one direction
(e.g. a x-direction) having a time-dependent velocity gradient 7 in a direction normal to it (e.g.
a y-direction). Let j,, =7 and all other elements of I' be equal to zero.

The differential equations (6.12) now become:

Tk dp;%oo + L0 — 2Tk P10 =1 (7.1a)
7 d‘;l[w + Hy10—TiPHozo =0 (7.1b)
Tk dlld1t01 + 101 =0 (7.1¢)
T dud% + fioz0=1 (7.1d)
Tk dl;o[m + Ho11 =0 (7.1e)
) d“;[“ + Hoos=1. (7.16)

As example we take: =g+ aw cos wt. This is a simple shear flow with constant gradient ¢
with an oscillatory shear of amplitude « superimposed on it.
Egs. (7.1) now have the solutions:

* £, n, { are supposed to be the components of the vector p.
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Hooz = Hozo = 1 (7.2a)
K101 = Ho11 =0 (7.2b)
T, .
Uito=Txq+a T3l [, sin wt +cos wt] (7.2¢)
k
2w1iq
=1+2t2q* 4o T 3+ w?t}) sin wt+2 cos wt] +
H200 T g v (1+a)27:f)2 [o7( i) 1
+o? T 3wt in 200t + 1-20°7 cos 2wt 029
— sin 2wt + s )
x 1+ w1} 1+4w?7? 1+4w?t?

Solution (7.2) is not the most general one. The initial conditions have not been incorporated ;
these initial conditions manifest themselves as coefficients of terms like exp (— t/7,), texp(—t/1),
etc. For a stationary solution such terms are unimportant.

Eq. (7.2) therefore gives the stationary solution for the moments of the distribution function
of the normal modes. Substitution in (6.15) then gives the stationary solution for the distribution
function of the normal modes. In limiting cases the literature already offers known solutions.
For «=0 we have the solution of Hermans [8]; for g =0 the solution is given by Blatz [9].

7. Conclusion

The distribution function of any normal mode can apparently be calculated for all forms of
time-dependent fields of flow, the velocities being linear functions of the coordinates. The form
of the distribution function is determined by the field of flow and by the parameters t,. The
values of these parameters are dependent on all kinds of refinements in the model (which
affect 7) and on the eigenvalues of the matrix 41,. However, if i/ is known, it is also possible to
determine the velocities and thus the motion of the beads, by means of eq. (3.10) and by some
reverse transformations [10].

Also the expectation values of all the quantities which are functions of the coordinates, can
be calculated. Some simple measures of the average dimensions of the necklace in a flowing
solution follow from Eq. (6.12). These second moments are simply related with the optical
properties of the solution [5], [8], [10], [11]. Also the stresses arising in the solution can be
expressed as expectation values of functions of coordinates [5], [8], [10], [11] and can there-
fore be calculated as soon as the distribution function is known.

REFERENCES

[1] W. Kuhn, Uber die Gestalt fadenfdrmiger Molekiile in Losungen, Kolloid Z., 68 (1934) 2-15; Bezichungen
zwischen Molekiilgrosse, statistischer Molekiilgestalt und elastische Eigenschaften hochpolymerer Stoffe,
Kolloid Z., 76 (1936) 258-271.

[2] P. E. Rouse, A Theory of the Linear Viscoelastic Properties of Dilute Solutions of Coiling Polymers, J. Chem.
Phys., 21 (1953) 1272-1280.

[3] F. Bueche, The Viscoelastic Properties of Plastics, J. Chem. Phys., 22 (1954) 603-609.

[4] E. T. Wall, Statistical Thermodynamics of Rubber, J. Chem. Phys., 10 (1942) 132-124.

[5] B.H. Zimm, Dynamics of Polymer Molecules in Dilute Solution : Viscoelasticity, Flow Birefringence and Dielec-
tric Loss, J. Chem. Phys., 24 (1956) 269-278.

[6] J. M. Burgers, On the Motion of Small Particles of Elongated Form, Suspended in a Viscous Liquid, Kon. Ned.
Akad. Wet. Verhand., 16 (1938) 113184, (Chapter III of Second Report on Viscosity and Plasticity).

[7] H. Goldstein, Classical Mechanics, Addison-Wesley Reading, 1950.

[8] J. J. Hermans, Theoretische Beschouwingen over de Viskositeit en de Stromingsdubbelebreking in Oplossingen
van Macromoleculaire Stoffen, Physica, 10 (1943) 777-789.

[9] P. J. Blatz, Energy Storage and Dissipation by Flexible Macromolecules, Rubber Chem. Techn., 40 (1967)
1446-1469.

[10] H. C. Booij and P. H. van Wiechen, Effect of Internal Viscosity on the Deformation of a Linear Macromolecule

in a Sheared Solution, J. Chem. Phys., 52 (1970) 5056—5068.

Journal of Engineering Math., Vol. 5 (1971) 89-98



98 P. H. van Wiechen, H. C. Booij

[11] A. Peterlin, Mean Dimensions of Macromolecular Coil in Laminar Flow, J. Chem. Phys., 39 (1963) 224-229.
[12] J. G. Kirkwood and J. Riseman, The Intrinsic Viscosities and Diffusion Constant of Flexible Macromolecules
in Solution, J. Chem. Phys., 16 (1948) 565-573.

Journal of Engineering Math., Vol. 5 (1971) 89-98



